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Abstract Our aim is to characterize the Lipschitz functions by variable exponent
Lebesgue spaces. We give some characterizations of the boundedness of the maximal
or nonlinear commutators of the Hardy-Littlewood maximal function and sharp
maximal function in variable exponent Lebesgue spaces when the symbols b belong
to the Lipschitz spaces, by which some new characterizations of Lipschitz spaces and
nonnegative Lipschitz functions are obtained. Some equivalent relations between the
Lipschitz norm and the variable exponent Lebesgue norm are also given.
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1 Introduction and Results
Let T be the classical singular integral operator, the commutator [b, T ] generated by T
and a suitable function b is given by
[b, T ](f)(x) = T
(
(b(x)− b)f
)
(x) = b(x)T (f)(x)− T (bf)(x). (1.1)
A well known result due to Coifman, Rochberg and Weiss [5] states that [b, T ] is bounded
on Lp(Rn) for 1 < p < ∞ when b ∈ BMO(Rn). They also gave a characterization of
BMO(Rn) in virtue of the Lp−boundedness of the above commutator. In 1978, Janson [18]
gave some characterizations of Lipschitz space Λ˙β(R
n) via commutator [b, T ] and proved
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that b ∈ Λ˙β(R
n)(0 < β < 1) if and only if [b, T ] is bounded from Lp(Rn) to Lq(Rn) where
1 < p < n/β and 1/p − 1/q = β/n (see also Paluszyn´ski [21]).
As usual, a cube Q ⊂ Rn always means its sides parallel to the coordinate axes. Denote
by |Q| the Lebesgue measure of Q and χQ the characteristic function of Q. For f ∈ L
1
loc(R
n),
we write fQ = |Q|
−1 ∫
Q f(x)dx. The Hardy-Littlewood maximal function M is defined by
M(f)(x) = sup
Q∋x
1
|Q|
∫
Q
|f(y)|dy,
and the sharp maximal function M ♯ is defined by
M ♯f(x) = sup
Q∋x
1
|Q|
∫
Q
|f(y)− fQ|dy,
where the supremum is taken over all cubes Q ⊂ Rn containing x.
The maximal commutator of M with a locally integrable function b is defined by
Mb(f)(x) =M
(
(b(x)− b)f
)
(x) = sup
Q∋x
1
|Q|
∫
Q
|b(x)− b(y)||f(y)|dy,
where the supremum is taken over all cubes Q ⊂ Rn containing x.
The boundedness of the maximal commutator Mb have been studied intensively by many
authors when the symbol b belongs to BMO(Rn). See [1, 11,13,14,22,26] for instance.
Similar to (1.1), we can also define the (nonlinear) commutators of M and M ♯ with a
locally integrable function b by
[b,M ](f) = bM(f)−M(bf) and [b,M ♯](f) = bM ♯(f)−M ♯(bf).
We would like to remark that operators Mb and [b,M ] essentially differ from each other.
For example, Mb is positive and sublinear, but [b,M ] is neither positive nor sublinear.
Using real interpolation techniques, Milman and Schonbek [20] established a commutator
result, by which they obtained the Lp−boundedness of [b,M ] when b ∈ BMO(Rn) and
b ≥ 0. This operator can be used in studying the product of a function in H1 and a function
in BMO(Rn) (see [3] for instance). When the symbol b belongs to BMO(Rn), Bastero,
Milman and Ruiz [2] characterized the boundedness of [b,M ] and [b,M ♯] on Lp spaces when
1 < p <∞. Zhang and Wu [25] obtained similar results for the fractional maximal function.
Agcayazi et al. [1] gave the end-point estimates for [b,M ]. In 2015, the author extended some
of these results to the multilinear setting in [23].
Zhang and Wu [27] studied the boundedness of [b,M ] and [b,M ♯] on variable exponent
Lebesgue spaces when b ∈ BMO(Rn) and extended the results to the fractional case in [26].
Recently, the author [24] gave some characterizations for the boundedness of Mb and [b,M ]
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on Lebesgue and Morrey spaces when the symbols b belong to Lipschitz space, by which some
new characterizations of Lipschitz and nonnegative Lipschitz functions are given.
On the other hand, Ho [12] obtained some characterizations of the BMO and Lipschitz
spaces by the norm of rearrangement-invariant Banach function spaces. Izuki and Sawano [17]
gave a characterization of BMO(Rn) by using the norm of variable exponent Lebesgue spaces.
Motivated by [2], [12], [17] and [24], we will study the characterization of Lipschitz func-
tions in the context of variable exponent Lebesgue spaces. Firstly, we prove the boundedness
of Mb, [b,M ] and [b,M
♯] in variable exponent Lebesgue spaces when the symbols b belong
to Lipschitz space, by which some new characterizations of Lipschitz spaces and nonnega-
tive Lipschitz functions are obtained. Next, we give some equivalent relations between the
Lipschitz norm and the variable exponent Lebesgue norm.
To state our result, we first recall some notation and definitions.
Definition 1.1 Let 0 < β < 1, we say a function b belongs to the Lipschitz space Λ˙β(R
n)
if there exists a constant C such that for all x, y ∈ Rn,
|b(x)− b(y)| ≤ C|x− y|β.
The smallest such constant C is called the Λ˙β norm of b and is denoted by ‖b‖Λ˙β .
Definition 1.2 Let p(·) : Rn → [1,∞) be a measurable function. The variable exponent
Lebesgue space, Lp(·)(Rn), is defined by
Lp(·)(Rn) =
{
f measurable :
∫
Rn
(
|f(x)|
λ
)p(x)
dx <∞ for some constant λ > 0
}
.
It is known that the set Lp(·)(Rn) becomes a Banach space with respect to the norm
‖f‖Lp(·)(Rn) = inf
{
λ > 0 :
∫
Rn
(
|f(x)|
λ
)p(x)
dx ≤ 1
}
.
The readers are referred to [6] and [9] for some properties and applications of Lp(·)(Rn).
Denote by P(Rn) the set of all measurable functions p(·) : Rn → [1,∞) such that
1 < p− := ess inf
x∈Rn
p(x) and p+ : = ess sup
x∈Rn
p(x) <∞,
and by B(Rn) the set of all p(·) ∈ P(Rn) such that M is bounded on Lp(·)(Rn).
Remark 1.1 For any p(·) ∈ B(Rn) and λ > 1, then, by Jensen’s inequality, we have
λp(·) ∈ B(Rn). See Remark 2.13 in [7].
For convenience, we introduce a notation Bαp,q(R
n) as follows.
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Definition 1.3 We say an ordered pair of variable exponents (p(·), q(·)) ∈ Bαp,q(R
n), if
p(·) ∈ P(Rn), 0 < α < n/p+ and 1/q(·) = 1/p(·) − α/n with q(·)(n − α)/n ∈ B(R
n).
Remark 1.2 The condition q(·)(n − α)/n ∈ B(Rn) is equivalent to saying that there
exists q0 with n/(n − α) < q0 < ∞ such that q(·)/q0 ∈ B(R
n). Moreover, q(·)(n − α)/n ∈
B(Rn) implies q(·) ∈ B(Rn) by Remark 1.1. See Remark 2.13 in [7] for details.
Our results can be stated as follows.
Theorem 1.1 Let b be a locally integrable function and 0 < β < 1, then the following
assertions are equivalent:
(1) b ∈ Λ˙β(R
n).
(2) Mb is bounded from L
p(·)(Rn) to Lq(·)(Rn) for all (p(·), q(·)) ∈ Bβp,q(Rn).
(3) Mb is bounded from L
p(·)(Rn) to Lq(·)(Rn) for some (p(·), q(·)) ∈ Bβp,q(Rn).
(4) There exists some (p(·), q(·)) ∈ Bβp,q(Rn), such that
sup
Q
1
|Q|β/n
‖(b− bQ)χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
<∞. (1.2)
(5) For all (p(·), q(·)) ∈ Bβp,q(Rn), we have
sup
Q
1
|Q|β/n
‖(b− bQ)χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
<∞.
For a fixed cube Q0, the Hardy-Littlewood maximal function related to Q0 is given by
MQ0(f)(x) = sup
Q0⊇Q∋x
1
|Q|
∫
Q
|f(y)|dy,
where the supremum is taken over all the cubes Q with Q ⊆ Q0 and Q ∋ x.
For the commutator [b,M ], we have the following result.
Theorem 1.2 Let b be a locally integrable function and 0 < β < 1, then the following
assertions are equivalent:
(1) b ∈ Λ˙β(R
n) and b ≥ 0.
(2) [b,M ] is bounded from Lp(·)(Rn) to Lq(·)(Rn) for all (p(·), q(·)) ∈ Bβp,q(Rn).
(3) [b,M ] is bounded from Lp(·)(Rn) to Lq(·)(Rn) for some (p(·), q(·)) ∈ Bβp,q(Rn).
(4) There exists some (p(·), q(·)) ∈ Bβp,q(Rn), such that
sup
Q
1
|Q|β/n
‖(b−MQ(b))χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
<∞.
(5) For all (p(·), q(·)) ∈ Bβp,q(Rn), we have
sup
Q
1
|Q|β/n
‖(b−MQ(b))χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
<∞.
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For the commutator [b,M ♯], we have the following result.
Theorem 1.3 Let b be a locally integrable function and 0 < β < 1, then the following
assertions are equivalent:
(1) b ∈ Λ˙β(R
n) and b ≥ 0.
(2) [b,M ♯] is bounded from Lp(·)(Rn) to Lq(·)(Rn) for all (p(·), q(·)) ∈ Bβp,q(Rn).
(3) [b,M ♯] is bounded from Lp(·)(Rn) to Lq(·)(Rn) for some (p(·), q(·)) ∈ Bβp,q(Rn).
(4) There exists some (p(·), q(·)) ∈ Bβp,q(Rn), such that
sup
Q
1
|Q|β/n
‖(b− 2M ♯(bχQ))χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
<∞.
(5) For all (p(·), q(·)) ∈ Bβp,q(Rn), we have
sup
Q
1
|Q|β/n
‖(b− 2M ♯(bχQ))χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
<∞.
Remark 1.3 Results similar to the ones of Theorems 1.1–1.3 were established in [27]
when b ∈ BMO(Rn), which may be viewed as the end-point case of β = 0. When p and q are
constants, Theorems 1.1 and 1.2 were obtained in [24].
Remark 1.4 We would like to note that some idea of the proof of Theorems 1.2 and 1.3
comes from [2] and [24].
Next, we characterize the Lipschitz functions by using the norm of variable exponent
Lebesgue spaces. We introduce the following three classes of functions for convenience.
Definition 1.4 Let 0 < β < 1 and q(·) ∈ B(Rn). We define
Λ˙β,q(·)(R
n) =
{
b ∈ L1loc(R
n) : ‖b‖Λ˙β,q(·) = sup
Q
1
|Q|β/n
‖(b− bQ)χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
<∞
}
,
Λ˙∗β,q(·)(R
n) =
{
b ∈ L1loc(R
n) : ‖b‖Λ˙∗
β,q(·)
= sup
Q
1
|Q|β/n
‖(b−MQ(b))χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
<∞
}
,
and
Λ˙♯β,q(·)(R
n) =
{
b ∈ L1loc(R
n) : ‖b‖
Λ˙♯
β,q(·)
= sup
Q
1
|Q|β/n
‖(b− 2M ♯(bχQ))χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
<∞
}
.
Theorem 1.4 Let 0 < β < 1. Then Λ˙β(R
n) = Λ˙β,q(·)(R
n) for all q(·) ∈ B(Rn). Further-
more, there exist positive constants C1 and C2 such that, for all b ∈ Λ˙β(R
n),
C1‖b‖Λ˙β ≤ ‖b‖Λ˙β,q(·) ≤ C2‖b‖Λ˙β .
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Remark 1.5 Similar characterization for BMO functions, which can be viewed as β = 0,
is proved by Izuki in [16] (see also [17]). We would like to remark that Ho [12] obtained a
characterization of Lipschitz space with respect to rearrangement invariant Banach spaces.
However, the variable exponent Lebsegue spaces are not rearrangement invariant.
Denoted by Λ˙+β (R
n) := {b : 0 ≤ b ∈ Λ˙β(R
n)}, the set of all nonnegative Lipschitz
functions. We have the following characterizations of Λ˙+β (R
n) in terms of variable exponent
Lebesgue norm.
Theorem 1.5 Let 0 < β < 1. Then Λ˙+β (R
n) = Λ˙∗β,q(·)(R
n) for all q(·) ∈ B(Rn). Fur-
thermore, there exist positive constants C1 and C2 such that, for all b ∈ Λ˙
+
β (R
n),
C1‖b‖Λ˙β ≤ ‖b‖Λ˙∗β,q(·)
≤ C2‖b‖Λ˙β .
Theorem 1.6 Let 0 < β < 1. Then Λ˙+β (R
n) = Λ˙♯β,q(·)(R
n) for all q(·) ∈ B(Rn). Fur-
thermore, there exist positive constants C1 and C2 such that, for all b ∈ Λ˙
+
β (R
n),
C1‖b‖Λ˙β ≤ ‖b‖Λ˙♯β,q(·)
≤ C2‖b‖Λ˙β .
Obviously, the ranges of q(·) in the fourth and fifth assertions of Theorems 1.1, 1.2 and
1.3 are not full since (p(·), q(·)) ∈ Bβp,q(Rn) implies n/(n − β) < q(·) < ∞. There is a gap
when 1 < q(·) ≤ n/(n− β). We would like to remark that by Theorems 1.4, 1.5 and 1.6, we
can improve the fourth and fifth assertions of Theorems 1.1, 1.2 and 1.3 to the full range for
q(·). Here, as an example, we only rewrite Theorem 1.1 as follows.
Corollary 1.1 Let b be a locally integrable function and 0 < β < 1, then the following
assertions are equivalent:
(1) b ∈ Λ˙β(R
n).
(2) Mb is bounded from L
p(·)(Rn) to Lq(·)(Rn) for all (p(·), q(·)) ∈ Bβp,q(Rn).
(3) Mb is bounded from L
p(·)(Rn) to Lq(·)(Rn) for some (p(·), q(·)) ∈ Bβp,q(Rn).
(4)′ There exists some q(·) ∈ B(Rn), such that
sup
Q
1
|Q|β/n
‖(b− bQ)χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
<∞.
(5)′ For all q(·) ∈ B(Rn), we have
sup
Q
1
|Q|β/n
‖(b− bQ)χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
<∞.
This paper is organized as follows. In the next section, we recall some basic definitions
and known results. In Section 3, we will prove Theorems 1.1 and 1.2. Section 4 is devoted
to proving Theorem 1.3. We will prove Theorems 1.4 – 1.6 in the last section.
Characterization of Lipschitz functions in terms of variable exponent Lebesgue spaces 7
2 Preliminaries and Lemmas
It is known that the Lipschitz space Λ˙β(R
n) coincides with some Morrey-Companato
space and can be characterized by mean oscillation. The following lemma is due to DeVore
and Sharpley [10] and Janson, Taibleson and Weiss [19] (see also Paluszyn´ski [21]).
Lemma 2.1 Let 0 < β < 1 and 1 ≤ q <∞. Define
Λ˙β,q(R
n) :=
{
f ∈ L1loc(R
n) : ‖f‖Λ˙β,q = sup
Q
1
|Q|β/n
(
1
|Q|
∫
Q
|f(x)− fQ|
qdx
)1/q
<∞
}
.
Then, for all 0 < β < 1 and 1 ≤ q <∞, Λ˙β(R
n) = Λ˙β,q(R
n) with equivalent norms.
Denoted by p′(·) the conjugate index of p(·). It is easy to check that if p(·) ∈ P(Rn)
then p′(·) ∈ P(Rn). The following lemma is known as the generalized Ho¨lder’s inequality in
variable exponent Lebesgue spaces. See [6] and [9] for details.
Lemma 2.2 (i) Let p(·) ∈ P(Rn). Then there exists a positive constant C such that for
all f ∈ Lp(·)(Rn) and g ∈ Lp
′(·)(Rn),∫
Rn
|f(x)g(x)|dx ≤ C‖f‖Lp(·)(Rn)‖g‖Lp′(·)(Rn).
(ii) Let p(·), p1(·), p2(·) ∈ P(R
n) and 1/p(·) = 1/p1(·) + 1/p2(·). Then there exists a
positive constant C such that for all f ∈ Lp1(·)(Rn) and g ∈ Lp2(·)(Rn),
‖fg‖Lp(·)(Rn) ≤ C‖f‖Lp1(·)(Rn)‖g‖Lp2(·)(Rn).
Lemma 2.3 ( [8]) Given p(·) ∈ P, then for all s > 0, we have
∥∥|f |s∥∥
Lp(·)(Rn)
= ‖f‖sLsp(·)(Rn).
Lemma 2.4 ( [15]) Let q(·) ∈ B(Rn), then there exists a constant C > 0 such that
1
|Q|
‖χQ‖Lq(·)(Rn)‖χQ‖Lq′(·)(Rn) ≤ C
for all cubes Q in Rn.
Lemma 2.5 Let 0 < α < n. If (p(·), q(·)) ∈ Bαp,q(R
n), then there exists a constant C > 0
such that for all cubes Q,
‖χQ‖Lp(·)(Rn) ≤ C|Q|
α/n‖χQ‖Lq(·)(Rn).
Proof Since (p(·), q(·)) ∈ Bαp,q(R
n) then p(·), q(·) ∈ P(Rn) and 1/p(·) = 1/q(·) + β/n.
The desired inequality follows from Lemma 2.2 (ii) directly. 
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Let 0 < α < n and f be a locally integrable function, the fractional maximal function of
f is defined by
Mα(f)(x) = sup
Q∋x
1
|Q|1−α/n
∫
Q
|f(y)|dy
where the supremum is taken over all cubes Q ⊂ Rn containing x.
The following result follows from Corollary 2.12 and Remark 2.13 of [7], which improves
the corresponding result in Capone, Cruz-Uribe and Fiorenza [4].
Lemma 2.6 ( [7]) Let p(·), q(·) ∈ P(Rn), 0 < α < n/p+ and 1/q(·) = 1/p(·) − α/n. If
q(·)(n − α)/n ∈ B(Rn), then Mα is bounded from L
p(·)(Rn) to Lq(·)(Rn).
3 Proof of Theorems 1.1 and 1.2
Proof of Theorem 1.1 Since the implications (2) ⇒ (3) and (5) ⇒ (4) follow readily,
and (2) ⇒ (5) is similar to (3) ⇒ (4), we only need to prove (1) ⇒ (2), (3) ⇒ (4) and
(4)⇒ (1).
(1) =⇒ (2). If b ∈ Λ˙β(R
n), then
Mb(f)(x) = sup
Q∋x
1
|Q|
∫
Q
|b(x)− b(y)||f(y)|dy
≤ C‖b‖Λ˙β sup
Q∋x
1
|Q|1−β/n
∫
Q
|f(y)|dy
= C‖b‖Λ˙βMβ(f)(x).
(3.1)
Obviously, assertion (2) follows from Lemma 2.6 and (3.1).
(3) =⇒ (4). For any fixed cube Q, we have for all x ∈ Q,
|b(x)− bQ| ≤
1
|Q|
∫
Q
|b(x)− b(y)|dy
=
1
|Q|
∫
Q
|b(x)− b(y)|χQ(y)dy
≤Mb(χQ)(x).
Then, for all x ∈ Rn,
|(b(x) − bQ)χQ(x)| ≤Mb(χQ)(x).
By assertion (3), there exists (p(·), q(·)) ∈ Bβp,q(Rn) such that Mb is bounded from
Lp(·)(Rn) to Lq(·)(Rn). For this (p(·), q(·)), it follows from assertion (3) and Lemma 2.5
that there exists a constant C > 0, independent of Q, such that
‖(b− bQ)χQ‖Lq(·)(Rn) ≤ ‖Mb(χQ)‖Lq(·)(Rn)
≤ C‖Mb‖Lp(·)→Lq(·)‖χQ‖Lp(·)(Rn)
≤ C‖Mb‖Lp(·)→Lq(·) |Q|
β/n‖χQ‖Lq(·)(Rn),
(3.2)
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which implies assertion (4) since Q is arbitrary and C is independent of Q.
(4) =⇒ (1). For any cube Q, by Lemma 2.2 (i), assertion (4) and Lemma 2.4, we have
1
|Q|1+β/n
∫
Q
|b(x)− bQ|dx
=
1
|Q|1+β/n
∫
Q
|b(x) − bQ|χQ(x)dx
≤
C
|Q|1+β/n
‖(b− bQ)χQ‖Lq(·)(Rn)‖χQ‖Lq′(·)(Rn)
=
C
|Q|β/n
‖(b− bQ)χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
1
|Q|
‖χQ‖Lq(·)(Rn)‖χQ‖Lq′(·)(Rn)
≤
C
|Q|β/n
‖(b− bQ)χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
≤ C.
(3.3)
This shows that b ∈ Λ˙β(R
n) by Lemma 2.1 since the constant C is independent of Q.
The proof of Theorem 1.1 is finished. 
From the proof of Theorem 1.1, we have the following Corollary.
Corollary 3.1 (i) Let 0 < β < 1 and q(·) ∈ B(Rn). If b ∈ Λ˙β,q(·)(R
n) then b ∈ Λ˙β(R
n)
and ‖b‖Λ˙β ≤ C‖b‖Λ˙β,q(·) for some positive constant C.
(ii) Let 0 < β < 1 and q(·) satisfy that there exists p(·) such that (p(·), q(·)) ∈ Bβp,q(Rn).
If b ∈ Λ˙β(R
n) then b ∈ Λ˙β,q(·)(R
n) and ‖b‖Λ˙β,q(·) ≤ C‖b‖Λ˙β for some positive constant C.
Proof (i) For any q(·) ∈ B(Rn), if b ∈ Λ˙β,q(·)(R
n) then (1.2) holds by Definition 1.4,
which implies (3.3). Then the desired result follows.
(ii) If b ∈ Λ˙β(R
n) then the wanted result follows from (3.1), Lemma 2.6 and (3.2). 
Proof of Theorem 1.2 Similar to the proof of Theorem 1.1, it is sufficient to prove
(1)⇒ (2), (3)⇒ (4) and (4)⇒ (1).
(1) =⇒ (2). Let b ∈ Λ˙β(R
n) and b ≥ 0. For any x ∈ Rn such that M(f)(x) <∞, we have
|[b,M ](f)(x)| =
∣∣∣∣ sup
Q∋x
1
|Q|
∫
Q
b(x)f(y)dy − sup
Q∋x
1
|Q|
∫
Q
b(y)f(y)dy
∣∣∣∣
≤ sup
Q∋x
1
|Q|
∫
Q
|b(x) − b(y)||f(y)|dy
≤ C‖b‖Λ˙β sup
Q∋x
1
|Q|1−β/n
∫
Q
|f(y)|dy
= C‖b‖Λ˙βMβ(f)(x).
(3.4)
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Then, by Lemma 2.6, the implication (1)⇒ (2) is proven.
(3) =⇒ (4). For any fixed cube Q, noting that for all x ∈ Q, we have (see the proof of
Proposition 4.1 in [2], see also (2.4) in [25])
M(χQ)(x) = χQ(x) and M(bχQ)(x) =MQ(b)(x).
By assertion (3), there exists (p(·), q(·)) ∈ Bβp,q(Rn) such that [b,M ] is bounded from
Lp(·)(Rn) to Lq(·)(Rn). Then
‖(b−MQ(b))χQ‖Lq(·)(Rn) = ‖(bM(χQ)−M(bχQ))χQ‖Lq(·)(Rn)
≤ ‖bM(χQ)−M(bχQ)‖Lq(·)(Rn)
= ‖[b,M ](χQ)‖Lq(·)(Rn)
≤ C‖[b,M ]‖Lp(·)→Lq(·)‖χQ‖Lp(·)(Rn).
This together with Lemma 2.5 gives that, for any cube Q,
1
|Q|β/n
‖(b−MQ(b)
)
χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
≤ C‖[b,M ]‖Lp(·)→Lq(·) ,
where the constant C is independent of Q. Thus, the proof of (3) =⇒ (4) is completed.
(4) =⇒ (1). We first prove b ∈ Λ˙β(R
n). For any fixed cube Q, by using similar procedure
to the proof of “(4.4) ⇒ (4.3)” in [2], we can obtain
1
|Q|1+β/n
∫
Q
|b(x) − bQ|dx ≤
2
|Q|1+β/n
∫
Q
|b(x)−MQ(b)(x)|dx. (3.5)
We give the proof of (3.5) for completeness. Let E = {x ∈ Q : b(x) ≤ bQ}. The following
equality is true (see [2] page 3331):∫
E
|b(x)− bQ|dx =
∫
Q\E
|b(x)− bQ|dx.
Since for any x ∈ E we have b(x) ≤ bQ ≤MQ(b)(x), then for any x ∈ E,
|b(x)− bQ| ≤ |b(x)−MQ(b)(x)|.
Thus,
1
|Q|1+β/n
∫
Q
|b(x) − bQ|dx =
1
|Q|1+β/n
∫
E∪(Q\E)
|b(x)− bQ|dx
=
2
|Q|1+β/n
∫
E
|b(x)− bQ|dx
≤
2
|Q|1+β/n
∫
E
|b(x)−MQ(b)(x)|dx
≤
2
|Q|1+β/n
∫
Q
|b(x)−MQ(b)(x)|dx.
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On the other hand, it follows from Lemma 2.2 (i), assertion (4) and Lemma 2.4 that
1
|Q|1+β/n
∫
Q
|b(x) −MQ(b)(x)|dx
=
1
|Q|1+β/n
∫
Q
|b(x)−MQ(b)(x)|χQ(x)dx
≤
C
|Q|1+β/n
‖(b−MQ(b))χQ‖Lq(·)(Rn)‖χQ‖Lq′(·)(Rn)
≤
C
|Q|β/n
‖(b−MQ(b))χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
1
|Q|
‖χQ‖Lq(·)(Rn)χQ‖Lq′(·)(Rn)
≤ C,
(3.6)
this together with (3.5) gives b ∈ Λ˙β(R
n).
Now, we prove b ≥ 0. To do this, it suffices to show b− = 0, where b− = −min{b, 0}. Let
b+ = |b| − b−, then b = b+ − b−. For any fixed cube Q,
0 ≤ b+(x) ≤ |b(x)| ≤MQ(b)(x), x ∈ Q.
Therefore, for x ∈ Q, we have
0 ≤ b−(x) ≤MQ(b)(x) − b
+(x) + b−(x) =MQ(b)(x) − b(x).
Then, it follows from (3.6) that, for any cube Q,
1
|Q|
∫
Q
b−(x)dx ≤
1
|Q|
∫
Q
|MQ(b)(x) − b(x)|dx ≤ C|Q|
β/n.
Thus, b− = 0 follows from Lebesgue’s differentiation theorem.
The proof of Theorem 1.2 is completed. 
Similar to Corollary 3.1, from the proof of Theorem 1.2, we obtain the following result.
Corollary 3.2 (i) Let 0 < β < 1 and q(·) ∈ B(Rn). If b ∈ Λ˙∗β,q(·)(R
n) then b ∈ Λ˙+β (R
n)
and ‖b‖Λ˙β ≤ C‖b‖Λ˙∗β,q(·)
for some positive constant C.
(ii) Let 0 < β < 1 and q(·) satisfy that there exists p(·) such that (p(·), q(·)) ∈ Bβp,q(Rn).
If b ∈ Λ˙+β (R
n) then b ∈ Λ˙∗β,q(·)(R
n) and ‖b‖Λ˙∗
β,q(·)
≤ C‖b‖Λ˙β for some positive constant C.
4 Proof of Theorem 1.3
Proof of Theorem 1.3 We only need to prove (1) ⇒ (2), (3) ⇒ (4) and (4) ⇒ (1).
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(1) =⇒ (2). Since b ∈ Λ˙β(R
n) and b ≥ 0, then for any fixed x ∈ Rn such thatMf(x) <∞,
|[b,M ♯]f(x)| =
∣∣∣∣ sup
Q∋x
b(x)
|Q|
∫
Q
∣∣f(y)− fQ∣∣dy − sup
Q∋x
1
|Q|
∫
Q
∣∣b(y)f(y)− (bf)Q∣∣dy
∣∣∣∣
≤ sup
Q∋x
1
|Q|
∫
Q
∣∣(b(y)− b(x))f(y) + b(x)fQ − (bf)Q∣∣dy
≤ sup
Q∋x
{
1
|Q|
∫
Q
|b(y)− b(x)||f(y)|dy +
∣∣b(x)fQ − (bf)Q∣∣
}
≤ C‖b‖Λ˙βMβ(f)(x) + sup
Q∋x
∣∣∣∣b(x)|Q|
∫
Q
f(z)dz −
1
|Q|
∫
Q
b(z)f(z)dz
∣∣∣∣
≤ C‖b‖Λ˙βMβ(f)(x) + sup
Q∋x
1
|Q|
∫
Q
|b(x)− b(z)||f(z)|dz
≤ C‖b‖Λ˙βMβ(f)(x).
By Lemma 2.6, [b,M ♯] is bounded from Lp(·)(Rn) to Lq(·)(Rn) for all (p(·), q(·)) ∈ Bβp,q(Rn).
(3) =⇒ (4). For any fixed cube Q, we have (see [2] page 3333 or [27] page 1383 for details),
M ♯(χQ)(x) = 1/2, for all x ∈ Q.
Then, by assertion (3) and Lemma 2.5, we have
∥∥(b− 2M ♯(bχQ))χQ∥∥Lq(·)(Rn) =
∥∥∥∥2
(1
2
b−M ♯(bχQ)
)
χQ
∥∥∥∥
Lq(·)(Rn)
=
∥∥2(bM ♯(χQ)−M ♯(bχQ))χQ∥∥Lq(·)(Rn)
≤ 2
∥∥[b,M ♯](χQ)∥∥Lq(·)(Rn)
≤ C
∥∥[b,M ♯]∥∥
Lp(·)→Lq(·)
‖χQ‖Lp(·)(Rn)
≤ C
∥∥[b,M ♯]∥∥
Lp(·)→Lq(·)
|Q|β/n‖χQ‖Lq(·)(Rn),
where the constant C is independent of Q. Then
sup
Q
1
|Q|β/n
‖(b− 2M ♯(bχQ))χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
≤ C
∥∥[b,M ♯]∥∥
Lp(·)→Lq(·)
.
(4) =⇒ (1). We first prove b ∈ Λ˙β(R
n). For any cube Q ⊂ Rn, we have (see (2) in [2]):
|bQ| ≤ 2M
♯(bχQ)(x) for x ∈ Q. (4.1)
Let E = {x ∈ Q : b(x) ≤ bQ}, then
∫
E
|b(x)− bQ|dx =
∫
Q\E
|b(x)− bQ|dx.
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Since for any x ∈ E, we have b(x) ≤ bQ ≤ |bQ| ≤ 2M
♯(bχQ)(x), then
|b(x)− bQ| ≤ |b(x)− 2M
♯(bχQ)(x)|, for x ∈ E.
By Lemma 2.2 (i), assertion (4) and Lemma 2.4, we obtain
1
|Q|1+β/n
∫
Q
|b(x)− bQ|dx =
2
|Q|1+β/n
∫
E
|b(x)− bQ|dx
≤
2
|Q|1+β/n
∫
E
|b(x)− 2M ♯(bχQ)(x)|dx
≤
2
|Q|1+β/n
∫
Q
|b(x)− 2M ♯(bχQ)(x)|dx
≤
C
|Q|1+β/n
∥∥(b− 2M ♯(bχQ))χQ∥∥Lq(·)(Rn)‖χQ‖Lq′(·)(Rn)
≤
C
|Q|β/n
∥∥(b− 2M ♯(bχQ))χQ∥∥Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
×
1
|Q|
‖χQ‖Lq(·)(Rn)‖χQ‖Lq′(·)(Rn)
≤ C,
which implies b ∈ Λ˙β(R
n) by Lemma 2.1.
Now, let us prove b ≥ 0. It also suffices to show b− = 0, where b− = −min{b, 0} and let
b+ = |b| − b−. By (4.1) we have, for x ∈ Q,
2M ♯(bχQ)(x)− b(x) ≥ |bQ| − b(x) = |bQ| − b
+(x) + b−(x).
Then
1
|Q|
∫
Q
∣∣2M ♯(bχQ)(x)− b(x)∣∣dx ≥ 1
|Q|
∫
Q
(
2M ♯(bχQ)(x)− b(x)
)
dx
≥
1
|Q|
∫
Q
(
|bQ| − b
+(x) + b−(x)
)
dx
= |bQ| −
1
|Q|
∫
Q
b+(x)dx+
1
|Q|
∫
Q
b−(x)dx.
(4.2)
On the other hand, applying Lemma 2.2 (i), assertion (4) and Lemma 2.4, we have
1
|Q|
∫
Q
∣∣2M ♯(bχQ)(x)− b(x)∣∣dx
≤
C
|Q|
∥∥(2M ♯(bχQ)(x)− b(x))χQ∥∥Lq(·)(Rn)‖χQ‖Lq′(·)(Rn)
≤ C|Q|−1|Q|β/n‖χQ‖Lq(·)(Rn)‖χQ‖Lq′(·)(Rn)
≤ C|Q|β/n,
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where the constant C is independent of Q. This, together with (4.2), gives
|bQ| −
1
|Q|
∫
Q
b+(x)dx+
1
|Q|
∫
Q
b−(x)dx ≤ C|Q|β/n. (4.3)
Let the side length of Q tends to 0 (then |Q| → 0) with x ∈ Q, Lebesgue’s differentiation
theorem assures that the limit of the left-hand side of (4.3) equals to
|b(x)| − b+(x) + b−(x) = 2b−(x) = 2|b−(x)|.
And, the right-hand side of (4.3) tends to 0. So, we have b− = 0.
The proof of Theorem 1.3 is completed. 
Similar to Corollary 3.1, from the proof of Theorem 1.3, we obtain the following result.
Corollary 4.1 (i) Let 0 < β < 1 and q(·) ∈ B(Rn). If b ∈ Λ˙♯β,q(·)(R
n) then b ∈ Λ˙+β (R
n)
and ‖b‖Λ˙β ≤ C‖b‖Λ˙♯β,q(·)
for some positive constant C.
(ii) Let 0 < β < 1 and q(·) satisfy that there exists p(·) such that (p(·), q(·)) ∈ Bβp,q(Rn).
If b ∈ Λ˙+β (R
n) then b ∈ Λ˙♯β,q(·)(R
n) and ‖b‖
Λ˙♯
β,q(·)
≤ C‖b‖Λ˙β for some positive constant C.
5 Proof of Theorems 1.4 – 1.6
Proof of Theorem 1.4 By Corollary 3.1, the only thing we need to do is to prove that
b ∈ Λ˙β(R
n) implies b ∈ Λ˙β,q(·)(R
n) and ‖b‖Λ˙β,q(·) ≤ C‖b‖Λ˙β for all q(·) ∈ B(R
n).
For any fixed q(·) ∈ B(Rn), choose r > n/(n−β). By Remark 1.1, rq(·)(n−β)/n ∈ B(Rn)
and rq(·) ∈ B(Rn) since r > n/(n− β). Set q0(·) = rq(·) and define p0(·) by
1
p0(x)
=
1
q0(x)
+
β
n
.
It is easy to check that (p0(·), q0(·)) ∈ B
β
p,q(Rn). Then, for any b ∈ Λ˙β(R
n), by Corollary
3.1 we have b ∈ Λ˙β,q0(·)(R
n) and ‖b‖Λ˙β,q0(·)
≤ C‖b‖Λ˙β .
For any fixed cube Q, since
1
q(·)
=
1
rq(·)
+
1
r′q(·)
=
1
q0(·)
+
1
r′q(·)
,
then, it follows from Lemma 2.2 (ii), Lemma 2.3 and b ∈ Λ˙β,q0(·)(R
n) that
1
|Q|β/n
‖(b− bQ)χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
≤
C‖(b− bQ)χQ‖Lq0(·)(Rn)‖χQ‖Lr′q(·)(Rn)
|Q|β/n‖χQ‖Lq(·)(Rn)
≤ C‖b‖Λ˙β,q0(·)
‖χQ‖Lq0(·)(Rn)‖χQ‖Lr′q(·)(Rn)
‖χQ‖Lq(·)(Rn)
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≤ C‖b‖Λ˙β
‖χQ‖
1/r
Lq(·)(Rn)
‖χQ‖
1/r′
Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
≤ C‖b‖Λ˙β ,
which implies b ∈ Λ˙β,q(·)(R
n) and ‖b‖Λ˙β,q(·) ≤ C‖b‖Λ˙β for all q(·) ∈ B(R
n). 
Proof of Theorem 1.5 By Corollary 3.2, it suffices to prove that for any b ∈ Λ˙+β (R
n)
we have b ∈ Λ˙∗β,q(·)(R
n) and ‖b‖Λ˙∗
β,q(·)
≤ C‖b‖Λ˙β for all q(·) ∈ B(R
n).
For any q(·) ∈ B(Rn), let r, q0(·) and p0(·) be the same as in the proof of Theorem 1.4.
Then, for any b ∈ Λ˙+β (R
n), by Corollary 3.2 we have b ∈ Λ˙∗β,q0(·)(R
n) and ‖b‖Λ˙∗
β,q0(·)
≤ C‖b‖Λ˙β .
For any fixed cube Q, note that b ∈ Λ˙∗β,q0(·)(R
n), by Lemma 2.2 (ii) and Lemma 2.3,
1
|Q|β/n
‖(b−MQ(b))χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
≤
C‖(b−MQ(b))χQ‖Lq0(·)(Rn)‖χQ‖Lr′q(·)(Rn)
|Q|β/n‖χQ‖Lq(·)(Rn)
≤ C‖b‖Λ˙∗
β,q0(·)
‖χQ‖Lq0(·)(Rn)‖χQ‖Lr′q(·)(Rn)
‖χQ‖Lq(·)(Rn)
≤ C‖b‖Λ˙β
‖χQ‖
1/r
Lq(·)(Rn)
‖χQ‖
1/r′
Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
≤ C‖b‖Λ˙β ,
which shows b ∈ Λ˙∗β,q(·)(R
n) and ‖b‖Λ˙∗
β,q(·)
≤ C‖b‖Λ˙β for all q(·) ∈ B(R
n). 
Proof of Theorem 1.6 By Corollary 4.1, it is enough to prove that for any b ∈ Λ˙+β (R
n)
we have b ∈ Λ˙♯β,q(·)(R
n) and ‖b‖
Λ˙♯
β,q(·)
≤ C‖b‖Λ˙β for all q(·) ∈ B(R
n).
For any q(·) ∈ B(Rn), let r, q0(·) and p0(·) be the same as in the proof of Theorem 1.4.
Then, for any b ∈ Λ˙+β (R
n), by Corollary 4.1 we have b ∈ Λ˙♯β,q0(·)(R
n) and ‖b‖
Λ˙♯
β,q0(·)
≤ C‖b‖Λ˙β .
For any fixed cube Q, note that b ∈ Λ˙∗β,q0(·)(R
n), by Lemma 2.2 (ii) and Lemma 2.3,
1
|Q|β/n
‖(b− 2M ♯(bχQ))χQ‖Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
≤
C‖(b− 2M ♯(bχQ))χQ‖Lq0(·)(Rn)‖χQ‖Lr′q(·)(Rn)
|Q|β/n‖χQ‖Lq(·)(Rn)
≤ C‖b‖
Λ˙♯
β,q0(·)
‖χQ‖Lq0(·)(Rn)‖χQ‖Lr′q(·)(Rn)
‖χQ‖Lq(·)(Rn)
≤ C‖b‖Λ˙β
‖χQ‖
1/r
Lq(·)(Rn)
‖χQ‖
1/r′
Lq(·)(Rn)
‖χQ‖Lq(·)(Rn)
≤ C‖b‖Λ˙β ,
which shows b ∈ Λ˙♯β,q(·)(R
n) and ‖b‖
Λ˙♯
β,q(·)
≤ C‖b‖Λ˙β for all q(·) ∈ B(R
n). 
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